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Abstract In this article, we consider a generalized multivalued vector variational-like
inequality and obtain some existence results. The last result is proved by using the concept
of escaping sequences. Some special cases are also discussed.
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1 Introduction and preliminaries

The vector variational inequality is a generalized form of a variational inequality, having
applications in different areas of optimization, optimal control, operations research, eco-
nomics equilibrium and free boundary value problems. It was introduced by [8] in finite
dimensional Euclidean space in 1980. Since then, in a general setting [4], [5], [3] have
derived an equivalance between the vector variational inequality and vector complementar-
ity problem and proved the existence of solutions to the vector variational inequality.

In 1990, [6] introduced and studied vector variational inequality for multivalued mappings
which they called generalized vector variational inequality. In 1993, [12] studied generalized
vector variational inequalities in reflexive Banach spaces. In 2000, [9] studied the vector
variational inequality and have shown its equivalence with vector equilibria.
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The aim of this article is to derive two existence theorems for generalized multivalued
vector variational-like inequalities.The last existence result is proved by using the concept
of escaping sequences introduced in [2].

Let Y be Banach space with a convex cone P such thatint P # ¢ and P # Y, where int
denotes the interior. We use the following vector ordering:

(1) foranyx,y € Y,y <xifandonlyif y — x € —intP;
(2) foranyx,y e Y,y £ xifandonly if y —x ¢ —intP;
(3) foranytwosets A, B CY, A< Bifandonlyifa < bforanya € A andany b € B;
(4) foranytwosets A, BCY,A « Bifandonlyifa £ b foranya € A and any b € B.

Let X be a nonempty subset of a Banach space E and Y a Banach space with a convex
cone P such that intP # ¢ and P # Y. Let T : K — 2L(E-Y) be a set-valued map, where
L(E,Y) is the space of all linear continuous mapping from E into Y, n: X x X — Y and
g : X — Y be the mappings.

We consider the following generalized multivalued vector variational-like inequality
(GMVVLI):

Find x¢y € X such that

(GMVVLI) ( (s0, n(x, x0)) + g(x) — g(x0) £ 0 forany x € X and sg € T (xp).

where (s, x) is the evaluation of s at x.
If n(x, x0) = x — xp, then (GMVVLI) reduces to the following generalized vector vari-
ational inequality (GVVI), introduced and studied by [11].

Find x¢ € X such that

(GVVD [ (50, x — x0) + g(x) — g(x0) £ O forany x € X and 59 € T (xp).

If ¢ = 0 and n(x, x0) = x — xo, then (GMVVLI) collapses to the following vector
variational inequality:

Find xop € X such that

(VVI) [ (s0, x — xo) ¢ 0 for any so € T (xo)

(VV]) is the same as the vector variational inequality introduced in [10] which was con-
sidered in an H-Banach Space.

Now we give some definitions and K K M-Fan Theorem needed for the proof of the
existence results.

Definition 1.1 [7]. Let X be a subset of a topological space E. Then a set-valued map
F : X — 2F is called the KKM map if for each finite subset {xi, x2,...x,} of X,
Co{xy, x2,...x,} C Ule F(x;), where Co{xy,x2,...x,} is the convex hull of
{x1,x2,...x,}.

Definition 1.2 [2]. Let E be a topological space and X be a subset of E, such that X =
UsZ, Xn, where {X n)yo is an increasing sequence of nonempty compact sets in the sense
that X,, € X,y foralln € N. A sequence {x,};°, in X is said to be escaping sequence X
(relative to {X,}°2 ), if for each n = 1,2, ..., there exist m > 0 such that x; ¢ X, for all

k>m. B

Theorem 1.1 (KKM-FAN) [7]. Let X be a subset of a topological space E and F : X — 2
a KKM map. Iffor each x € X, F(x) is closed and for at least one x € X, F(x) is compact,

then (\,cp F(x) # ¢.
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2 Existence results

In this section, we prove two existence results for (GMVVLI). The last results is proved by
using the concept of escaping sequences.

Theorem 2.1 Let X be a compact convex subset of Banach space E and Y a Banach space
with convex cone P such that intP # ¢ and P # Y. Assume that:

() T : X — 2LEY s g lower semicontinuous mapping;
(i) g : X — Y is a continuous mapping;
(iii)) n: X x X — Y is a continuous mapping such that n(x, x) = 0 forall x € X;
(iv) the multivalued mapping W : X — 2V defined by W (x) = Y /{—intP}, has a closed
graphin X x Y,
(v) foreachy € X, By :={x € X : there exists s € T (y)such that (s, n(x, y)) +g(x) —
g(y) < 0} is convex.

Then the generalized multivalued vector variational-like inequality (GMVVLI) is solvable.
Proof Define a multivalued mapping F : X — 2F by:
Forany x € X, F(x) ={y € X : (s0, n(x, y)) + g(x) — g(y) £ 0forany so € T(y)}.

We first prove that F' is a KKM map. Suppose, to the contrary, F' is not a KKM-map.

Then the convex hull of every finite subset {xi, x2,...,x,} of X is not contained in the
corresponding union |J;_; F(x;).
Let y be an element in the convex hull of {x1, x2, ..., x,}. Then y = Zl”: 1 «; x; for some

o >0,i=12,...,nwith > ;o = 1 and y is not contained in | J{_, F(x;). Then, we
haveVi € {1,2,...,n} Js9 € T(y) such that

{s0, n(xi, y)) + g(xi) — g(y) < 0.

Since by assumption (v), By is convex, the convex hull of {x1, x2, ... x,} is contained in B).
‘We have

(s0, n(Z1_ eixi, B eix;)) + g(T1aixi) — g(X_ i yi) € —intP.

Thus, 0 € —intP, but this contradicts P # Y. Therefor F is a KKM map.

Next we prove that for any x € X, F(x) is closed. Indeed, let {y,} be a sequence in
F(x) converging to y, € X. By the lower semicontinuity of T, for any s, € T (y«), there
exists s, € T (y,) for all n such that the sequence {s,} converging to s, € L(E,Y). Since
yp € F(x) for all n, we have

(Sn> n(x, yn)) +8(x) — g(ym) £ 0
or

(Sn, n(x, yn)) +8(x) — g(yw) € Wyn).

Since {s,} is bounded in L(E,Y), n(.,.), {.,.) and g are continuous. Also since W has a
closed graph in X x Y and s, — s4«, Y — Y«, we have

(Sns 1(xX, yn)) + 8(x) — 8(¥n) —> (84, N(x, ¥4)) + 8(x) — &(¥x) € W(ys).
Hence (s, n(x, y«)) + g(x) — g(yx) £ 0. Thus y, € F(x) and F(x) is closed.
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Further, since X is a compact subset of £ and F (yg) C X foreach yg € X.Hence F (yp) is
compact. Therefore, the assumptions of Theorem 1.1 hold. By Theorem 1.1, () ..y F(x) # ¢
and hence there exists xg € X such that

(80, n(x, x0)) + g(x) — g(x0) £ 0 forany x € Xand any s9 € T (xp).

The assumption (v) in Theorem 2.1 is strong. We can remove assumption (v) in Theorem 2.1
with some additional assumptions on 1, g and W, where 1, g and W are defined in (ii), (iii)
and (iv) of the Theorem 2.1, respectively. Thus, we have a Corollary as follows. O

Corollary 2.1 Let X be a compact convex subset of Banach space E and Y a Banach space
with convex cone P such that intP # ¢ and P # Y. Assume that:

() T : X — 2LEY s g lower semicontinuous mapping:;
(i) g : X — Y is a continuous affine mapping;
(iii) n: X x X — Y is a continuous affine mapping such that n(x, x) = 0 for all x € X;
(iv) the multivalued mapping W : X — 2¥ defined by W(x) = Y/{—intP}, has a closed
graphin X x Y and W is convex.

Then the generalized multivalued vector variational-like inequality (GMVVLI) is solvable.

Proof It is sufficient to prove that for each y € X, the set By = {x € X : (s, n(x, y)) +
g(x) — g(y) < Oforany sg € T(y)}is convex. To see this, let x;,x, € By anda, 8 > 0
such that @ + B = 1. Then for each 5o € T (y) we have

(s0, n(x1, ¥)) + g(x1) — g(y) € —intP ey
and

(50, n(x2, ¥)) + g(x2) — g(y) € —intP 2
multiplying (1) by @ and (2) by 8 and adding, we have
a(so, n(x1, y)) +ag(xp) —ag(y) + Blso. n(x2, y)) + fgx2) —pg(y) ¢ aW(y)+BW(y).
Since (., .), g are affine and W is concave, we have

(s0, naxi + Bx2, y)) + glaxy + Bx2) — g(y) € W(y)
or
(s0, n(axy + Bx2, ) + g(axy + fx2) — g(y) <0

and hence By is convex. O

Remark 2.1 (i) Theorem 2.1 generalizes and improves the corresponding resultsin [1,11].
(i1) Corrollary 2.1 is a generaliztion of corrollary 2.1 in [11].

Theorem 2.2 Let X be a compact convex subset of Banach space E and Y a Banach space
with convex cone P such that intP # ¢ and P # Y. Let X = o X, where {X,, o isan
increasing sequence of nonempty compact sets in the sense that X, € X,+1 foralln € N.

Assume that:

() T : X — 2LEY) s g lower semicontinuous mapping;

(ii) g : X — Y is a continuous mapping;
(iii) n: X x X — Y is a continuous mapping such that n(x, x) = 0 forall x € X;
(iv) the multivalued mapping W (x) = Y /{-intP} has a closed graph in x x Y;
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(v) foreachy € X, By := {x € X : there exists € T (y)such that (s, n(x,y)) + g(x)
— g(y) < 0} is convex.
(vi) for each sequence {yn};2| in X with y, € Xy, n € N which is escaping from X
o0

relative to { X} | there exists m € N and x,, € Xy, such that

(Sm> 1 Ym)) + &m) — g(ym) < 0.

Then there exists y* € X such that
(s, n(x, y)) +g(x) —g(y") £ 0, foranys™ € T(y").

Proof Since for eachn € N, X, is compact and convex set in E, applying Theorem 2.1, we
have for all n € N, there exists y, € X, such that

(Sn> n(x, yn)) +8(x) — g(yu) £ 0, foralls, € T (yu) 3)

suppose that the sequence {y,};2 ; be escaping sequence from X relative to {X,}72 ;. By (vi)
there exists m € N and x,, € X,, such that

(Sms 1y Ym)) + &(xm) — g(ym) < 0,

which contradicts (3). Hence {y,}; | is not an escaping sequence from X relative to {X,,}°° ;.

Therefore, there exists r € N an?i there is some subsequence {y;, } of {y,}o>, which must
lie entirely in X,. Since X, is compact, there is a subsequence {y;, }i,es of {y;,} in X, and
there exists y* € X, such that y;, — y*, where i, — oo. Since {X,}7, is an increasing
sequence we have for all x € X there exists ig € A with iy > r, such that x € X;, for all

i, € Aand i, > ip, wehavex € X;, € X; and T (y;,) € T (X,) such that

(8i,, n(x, yi,)) +8(x) — g(yi,) £ 0, foranys;, € T(yi,),

which implies that

(8i,> n(x, yi,)) +g(x) — g(vi,) € W(yi,),

using the same argument as in Theorem 2.1, we have

(s, n(x, y") + gx) — g(y™) £ 0.

The result follows. ]
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